Game theoretic algorithms for Protein-DNA binding
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Abstract

We develop and analyze game-theoretic algorithms for predicting coordinate bind-
ing of multiple DNA binding regulators. The allocation of proteins to local neigh-
borhoods and to sites is carried out with resource constraints while explicating
competing and coordinate binding relations among proteins with affinity to the
site or region. The focus of this paper is on mathematical foundations of the ap-
proach. We also briefly demonstrate the approach in the context of-giage
switch.

1 Introduction

Transcriptional control relies in part on coordinate operation of DNA binding regulators and their
interactions with various co-factors. We believe game theory and economic models provide an
appropriate modeling framework for understanding interacting regulatory processes. In particular,
the problem of understanding coordinate binding of regulatory proteins has many game theoretic
properties. Resource constraints, for example, are critical to understanding who binds where. At low
nuclear concentrations, regulatory proteins may occupy only high affinity sites, while filling weaker
sites with increasing concentration. Overlapping or close binding sites create explicit competition
for the sites, the resolution of which is guided by the available concentrations around the binding
sites. Similarly, explicit coordination such as formation of larger protein complexes may be required
for binding or, alternatively, binding may be facilitated by the presence of another protein. The key
advantage of games as models of binding is that they can provide causally meaningful predictions
(binding arrangements) in response to various experimental perturbations or disruptions.

Our approach deviates from an already substantial body of computational methods used for resolving
transcriptional regulation (see, e.g., [4, 10]). From a biological perspective our work is closest in
spirit to more detailed reaction equation models [6, 1], while narrower in scope. The mathematical
approach is nevertheless substantially different.

2 Protein-DNA binding

We decompose the binding problem ititansportandlocal binding By transport we refer to the
mechanism that transports proteins to the neighborhood of sites to which they have affinity. The
biological processes underlying the transport are not well-understood although several hypotheses
exist[12, 5]. We abstract the process initially by assuming separate affinities for proteins to explore
neighborhoods of specific sites, modulated by whether the sites are available. This abstraction does
not address the dynamics of the transport process and therefore does not distinguish (nor stand in
contradiction to) underlying mechanisms that may or may not involve diffusion as a major com-



ponent. We aim to capture the differentiated manner in which proteins may accumulate in the
neighborhoods of sites depending on the overall nuclear concentrations and regardless of the time
involved.

Local binding on the other hand, captures which proteins bind to each site as a consequence of
local accumulations or concentrations around the site or a larger regiorstéady statethe local
environment of the site is assumed todlesedandwell-mixed We therefore model the binding

as being governed by chemical equilibria: for a type of proteanound sitej, {free protein} +

{free site } = {bound ij}, where concentrations involving the site should be thought of as time
averages or averages across a population of cells depending on the type of predictions sought. The
concentrations of various molecular species around and bound to the sites as well as the rate at
which the sites are occupied are then governed by the law of mass action at chemical equilibrium:
[boundij]/([free proteini][free sitej]) = K,;, wherei ranges over proteins with affinity to sije

and K;; is a positive equilibrium constant characterizing protsrability to bind to sitej in the
absence of other proteins.

Broadly speaking, the combination of transport and local binding results in an arrangement of pro-
teins along the possible DNA binding sites. This is what we aim to predict with our game-theoretic
models, not how such arrangements are reached. The predictions should be viewed as functions of
the overall (nuclear) concentrations of proteins, the affinities of proteins to explore neighborhoods
of individual sites, as well as the equilibrium constants characterizing the ability of proteins to bind

to specific sites when in close proximity. Any perturbation of such parameters leads to a potentially
different arrangement that we can predict.

3 Game Theoretic formulation

There are two types of players in our game, proteins and sitegtot&in-playerrefers to a type

of protein, not an individual protein, and decides how its nuclear concentration is allocated to the
proximity of sites (transport process). The protein-players are assumed non-cooperative and rational.
In other words, their allocations are based on the transport affinities and the availability of sites rather
than through some negotiation process involving multiple proteins. The non-coopeative nature of
the protein allocations does not, however, preclude the formation of protein complexes or binding
facilitated by other proteins. Such extensions can be incorporated at the sites.

Each possible binding site is associated wissiita-player Site-players choose the fraction of time

(or fraction of cells in a population) a specific type of protein is bound to the site. The site may also
remain empty. The strategies of the site-players are guided by local chemical equilibria. Indeed, the
site-players are introduced merely to reproduce this physical understanding of the binding process
in a game theoretic context. The site-players are non-cooperative and self-interested, always aiming
and succeeding at reproducing the local chemical equilibria.

The binding game has no global objective function that serves to guide how the players choose their
strategies. The players choices are instead guided by their own utilities that depend on the choices of
other players. For example, the protein-player allocates its nuclear concentration to the proximity of
the sites based on how occupied the sites are, i.e., in a manner that depends on the strategies of the
site-players. Similarly, the site-players reproduce the chemical equilibrium at the sites on the basis
of the available local protein concentrations, i.e., depending on the choices of the protein-players.

The predictions we can make based on the game theoretic formulatieguliéria of the gaménot

to be confused with the local chemical equilibria at the sites). At an equilibrium, no reallocation of
proteins to sites is required and, conversely, the sites have reproduced the local chemical equilibria
based on the current allocations of proteins. While games need not have equilibria in pure strategies
(actions available to the players), our game will always have one.

4 The binding game

To specify the game more formally we proceed to define players’ strategies, their utilities, and the
notion of an equilibrium of the game. To this end, fétrepresent the (nuclear) concentration of
proteini. This is the amount of protein available to be allocated to the neighborhoods of sites. The
fraction of protein; allocated to sitg is specified byo;l, wherezj pé. = 1. The numerical values



of p;'-, where; ranges over the possible sites, define a possible strategy foi"tpeotein player.

The set of such strategies is denotedfjy The choices of which strategies to play are guided by
parameters?;;, the affinity of proteini to explore the neighborhood of sije(we will generally
index proteins with and sites withy). The utility for protein:, defined below, provides a numerical
ranking of possible strategy choices and is parameterizeg; hyEach player aims to maximize its
own utility over the set of possible strategy choices.

The strategy for site-playgrspecifies the fraction of time that each type of protein is actually bound
to the site. The strategy is denoteddijherei ranges over proteins with affinity to the site. Note
that the values ofj are in principle observable from binding assays (cf. [3]), s J < 1 since there

is only one site and it may remain empty part of the time. The availability oﬁsﬁe —-> sf <1,

i.e., the fraction of time that nothing is bound. We will also uge= ", s/ to denote how occupied

the site is. The utilities of the site players will dependisyy, the chemical equilibrium constants
characterizing the local binding reaction between proteind sitej.

Utilities The utility function for protein-player is formally defined as
s) = Zp;'-Em - Z sl,) + BH(p) (1)

whereH (p') = Z p7 iogp7 is the Shannon entropy of the stratqg)andj ranges over possible
sites. The utility of the protein-player essentially states that pratgimefers” to be around sites
that are unbound and for which it has high affinity. The parameter0 balances how much protein
allocations are guided by the differentiated process, characterized by the exploration affipities

as opposed to allocated uniformly (maximizing the entropy function). Since the overall scaling of
the utilities is immaterial, only the ratias;; /5 are relevant for guiding the protein-players. Note
that since the utility depends on the strategies of site-players thidugl}_., s, ), one cannot find

the equilibrium strategy for proteins by conS|derufjgto be fixed; the sites WI|| respond to apy
chosen by the protein-player.

As discussed earlier, the site-players always reproduce the chemical equilibrium between the site
and the protein species allocated to the neighborhood of the site. The utility for site-plisyer
defined such that the maximizing strategy corresponds to the chemical equilibrium:

s/ [ = sh1 =Y 8] =Ky @

where s] specifies how much proteinis bound, the first term in the denominator, f* — s/)
specifies the amount of free proteirand the second terfi — ), s7,), the fraction of time the site

is available. The equilibrium equation holds for all protein species around the site and for the same
strategy{s] } of the site-player. The units of each “concentration” in the above equation should be
interpreted as numbers of available molecules (e.g., there’s only one site). The utility function that
reproduces this chemical equilibrium when maximized over possible strategies is given by

Ip Zs K, =) (1= ) @3)

’L/
subject tos] < Ky;(p'f' — s))(1 — Y, s)), s1 < pifi, andY, s/, < 1. These constraints
guarantee that the utility is always non-positive and zero exactly when the chemical equilibrium
holds.sf <pj; ' £ ensures that we cannot have more protein bound than is allocated to the proximity
of the site. These constraints define the set of strategies available for sitesptay6f (p). Note
that the available strategies for the site-player depend on the current strategies for protein-players.
The set of strategieS$’ (p) is not convex.

4.1 The game and equilibria

Theprotein-DNA binding games now fully specified by the set of parametéis;; /3}, {K;;} and
{f'}, along with the utility functiongu, } and{v;,} and the allocation constrain{$’} and{S?}.

We assume that the biological system being modeled reaches a steady state, at least momentarily,
preserving the average allocations. In terms of our game theoretic model, this corresponds to what



we call anequilibrium of the game. Informally, an equilibrium of a game is a strategy for each
player such that no individual has any incentive to unilaterally deviate from their strategy. Formally,
if the allocationgp, 5) are such that for each proteimnd each sitg,
p' € arg max u;(p',5), ands’ € arg max  v;(s7,p;), (4)
piEP? s1€87(p;) '
then we call(p, 5) anequilibriumof the protein-DNA binding game. Put another way, at an equilib-

rium, the current strategies of the players must be among the strategies that maximize their utilities
assuming the strategies of other players are held fixed.

Does the protein-DNA binding game always have an equilibrium? While we have already stated
this in the affirmative, we emphasize that there is no reaspriori to believe that there exists an
equilibrium in the pure strategies, especially since the sets of possible strategies for the site-players
are non-convex (cf. [2]). The existence is guaranteed by the following theorem:

Theorem 1. Every protein-DNA binding game has an equilibrium.

A constructive proof is provided by the algorithm discussed below. The theorem guarantees that at
least one equilibrium exists but there may be more than one. At any such equilibrium of the game, all
the protein species around each site are at a chemical equilibrium; thg{piss)ifis an equilibrium

of the game, then for all sitesand proteins, 57 andﬁ;ﬂ satisfy (2). Consequently, the site utilities

v;(57, p;) are all zero for the equilibrium strategies.

4.2 Computing equilibria

The equilibria of the binding game represent predicted binding arrangements. Our game has special
structure and properties that permit us to find an equilibrium efficiently through a simple iterative
algorithm. The algorithm monotonically fills the sites up to the equilibrium levels, starting with all
sites empty.

We begin by first expressing any joint equilibrium strategy of the game as a function of how filled the
sites are, and reduce the problem of finding equilibria to finding fixed points of a monotone function.

Tothisend, let = 3", s/, denote sitg occupancy, the fraction of time it is bound by any protein.

a’’s are real numbers in the intervidl 1]. If we fix o = (a!,. .., a™), i.e., the occupancies for all

them sites, then we can readily obtain the maximizing strategies for proteins expressed as a function
of site occupanciesy(«) o exp(E;;(1 — of)/3), where the maximizing strategies are functions

of . Similarly, at the equilibrium, each site-player achieves a local chemical equilibrium specified
in (2). By replacingn? = ., s, and solving fors? in (2), we get

Kij(1-a) ;

J — _u\s =T 7
So, for example, the fraction of time the site is bound by a specific protein is proportional to the
amount of that protein in the neighborhood of the site, modulated by the equilibrium constant. Note
that s/ (o) depends not only on how filled siteis but also on how occupied the other sites are
throughp} (a).

The equilibrium condition can be now expressed solely in terms afid reduces to a simple con-
sistency constraint: overall occupancy should equal the fraction of time any protein is bound or

. . K; ,(1 _ aj) . ) )
J = I () = el A Sl A ) e
o = 2@ =D T T an B =) (6)
We have therefore reduced the problem of finding equilibria of the game to finding fixed points of
the mappingG?(a) = >, s!(a). This mapping, written explicitly as has a simple but powerful

monotonicity property that forms the basis for our iterative algorithm. Specifically,
Lemma 1. Leta~/ denote all components® excepta’. Then for eacly, G7(a) = G’ (a?, o)
is a strictly decreasing function af’ for any fixedn 7.

We omit the proof as it is straightforward. This lemma, together with the facth@t, o7) = 0,
immediately guarantees that there israguesolution toa’ = G’ (a’, o) for any fixed and valid
a7, The solutionn’ also lies in the intervdD, 1] and can be found efficiently via binary search.



The algorithm Let «(t) denote the site occupancies at te iteration of the algorithm.a (¢)
specifies thej’” component of this vector, while=7(¢) contains all but thg'” component. The
algorithm proceeds as follows:

e Seta/(0) =0forallj=1,...,m.

e Find each new component (¢ + 1), j = 1,...,m, on the basis of the corresponding
aJ(t)suchthat? (t +1) = G (a? (t + 1), a7 (t))

e Stopwhem/(t+ 1)~ ai(t)forallj =1,...,m.

Note that the inner loop of the algorithm, i.e., finding(¢ + 1) on the basis ok (t) reduces
to a simple binary search as discussed earlier. The algorithm generates a monotonically increasing
sequence ofi's that converge to a fixed point (equilibrium) solution.

We also provide a formal convergence analysis of the algorithm. To this end, we begin with the
following critical lemma.

Lemma 2. Leta; and a2 be two possible assignmentsdo If for all & # j, ok < ok, then
GI(a?,a7”?) < GI(ad, ;) forall of.

The proof is straightforward and essentially based on the facmﬁéanda; 7 appear only in the
normalization terms for the protein allocations. We omit further details for brevity. On the basis of
this lemma, we can show that the algorithm indeed generates a monotonically increasing sequence
of a’s

Theorem 2. o/ (t + 1) > o4 (¢) for all j andt.

Proof. By induction. Sincea’(0) = 0 and the range ot/ (a?,a~7(0)) lies in [0, 1], clearly
o (1) > o’ (0) for all j. Assume then that’(t) > o’ (t — 1) for all j. We extend the induc-
tion step by contradiction. Supposé(t + 1) < o (t) for somej. Then

At+1)<al(t) = G (t),a(t—1)) <GI((t),a (1))
< Gt +1),a77(t) = al(t+1)

which is a contradiction. The first” follows from the induction hypothesis and lemma 2, and the
last “<” derives from lemma 1 and? (t + 1) < o’ (t). O

Since o’ (t) for any ¢ will always lie in the interval[0,1], and because of the continuity of

G’ (a7, a77) in the two arguments, the algorithm is guaranteed to converge to a fixed point so-
lution. More formally, the Monotone Convergence Theorem for sequences and the continuity of
G7's imply that

Theorem 3. The algorithm converges to a fixed poinsuch thata’ = G’ (a’, a=7) for all j.

4.3 TheA-phage binding game

We use the well-known\-phage viral infection [11, 1] to illustrate the game theoretic approach.
A genetic two-state control switch specifies whether the infection remains dormant (lysogeny) or
whether the viral DNA is aggressively replicated (lysis). The components of-ttswvitch are 1)

two adjacent gened andCro that encodel, andCro proteins, respectively; 2) the promoter regions
Prar and B; of these genes, and 3) an operatogj@ith three binding site®z1, Or2, andOg3.

We focus on lysogeny, in which £ldominates over Cro. There are two relevant protein-players,
RNA-polymerase and ¢) and three sites, I, Or2, and ;3 (arranged close together in this
order). Since the presence of ¢h either Oz 1 or O3 blocks the access of RNA-polymerase to the
promoter regionPg, or P, respectively, we can safely restrict ourselves to operator sites as the
site-players. There are three phases of operation depending on the concentration of cl

1. cly binds to ;1 first and blocks the Cro promotétz

2. Slightly higher concentrations ofclead to binding at @2 which in turn facilitates RNA-
polymerase to initiate transcription Bk 5z

3. At sufficiently high levels ¢ also binds to @3 and inhibits its own transcription
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Figure 1:Predicted protein binding to sites@, Or2, and Qz1 for increasing amounts of £l The rightmost
figure illustrates a comparison with [1]. The shaded area indicates the range of concentratibret afhich
stochastic simulation predicts a decline in transcription frogi GOur model predicts thatl, begins to occupy
Or1 at the same concentration.

Game parameters The game requires three sets of parameters: chemical equilibrium constants,
affinities, and protein concentrations. To use constants derived from experiment we assign units to
these quantities. We definé as the total number of proteirisavailable, and arrange the units of

K;; accordingly:

fi=Ff VrNa, Kij = K;;/(NaVs) Kij = e ACG/RT @)

whereVr and Vg are the volumes of cell and site neighborhood, respectivélyjs the Avogadro
number,R is the universal gas constafit,is temperaturef? is the concentration of proteinin the

cell, andKj;; is the equilibrium constant in units éfmol. As we show in [3] these definitions are
consistent with our previous derivation. Note that when game parameters are learned from data any
dependence on the volumes will be implicit. For a typiEatherichia coli( 2um length) at room
temperature, the Gibbs’ Free energie& tabulated by [11] yield the equilibrium constants shown
below; in addition, we set transport affinities in accordance with the qualitative description in [7, 8],

K Or3 Ogp2 Ogl E;j Or3 Ogr2 Ogl
cl 0020 0020 .0296 cl 1 1 1
RNA-p 0212 0  .1134 RNAp 2 .01 1

Note that the overall scaling of the affinities is immaterial; only their relative values will guide the
protein-players. Note also that we have chosen not to incorporate any protein-protein interactions in
the affinities.

Finally, we setfRNA_p = 30nM (cf. [11]) (aroundfrya—, ~ 340 copies for a typicaE. coli).
And variedf.r, from 1 to 10, 000 copies to study the dynamical behavior of the lysogeny cycle. The
results are reported as a function of the ratig / frva—,. We set3 = 107°.

Simulation Results The predictions from the game theoretic model exactly mirror the known be-
havior. Here we summarize the main results and refer the reader to [3] for a thorough analysis.

Figure 1 illustrates how the binding at different sites changes as a function of incrg¢aginghe
simulation mirrors the behavior of the lysogeny cycle discussed earlier. Although our model does
not capture dynamics, and figure 1 does not involve time, it is nevertheless useful for assessing
quantitative changes and the order of events as a function of increAsingNote, for example,

that the levels at which gloccupies @1 and Oz2 rise much faster than at£3. While the result

is expected, the behavior is attributed to protein-protein interactions which are not encoded in our
model. Similarly, RNA-polymerase occupation ap®bumps up as the probability thatsQ is

bound by c} increases. In [3] we further discuss the implications of the simultaneous occupancy of
Or1 and Oz2, via simulation of G;1 knockout experiments.

Finally, figure 1(c) shows a comparison with stochastic simulatiofiL{). Our model predicts that

¢l begins bindingD i1 at the same level as [1] predicts a decline in the transcription of Cro. While
consistent, we emphasize that the methods differ in their goals; stochastic simulation focuses on the
dynamics of transcription while we study the strategic allocation of proteins as a function of their
concentration.



4.4 A structured extension

The game theoretic formulation of the binding problem described previously involves a transport
mechanism that is specific to individual sites. In other words, proteins are allocated to the proximity

of sites based on parametéfs and occupancies’ associated with individual sites. We generalize

the game further here by assuming that the transport mechanism has a coarser spatial structure, e.g.,
specific to promoters (regulatory regions of genes) rather than sites. In this extension the amount
of protein allocated to any promoter is shared by the sites it contains. The sharing creates specific
challenges to the algorithms for finding the equilibria and we will address those challenges here.

Let R represent possible promoter regions each of which may be bound by multiple proteins (at
distinct or overlapping sites). Lef = {p.}.cr represent an allocation of proteinnto these
regions in a manner that is not specific to the possible sites within each promoter. The utility for
proteini is given by

ui(p') = > phEir(a”) + BH(p)

reR

where N (r) is the set of possible binding sites within promoter regioanda”™ = 3. v, )aj
is the overall occupancy of the promoter (how many proteins bound). As before, Yiep Sh
where the summation is over protein&(r) N N(r') = () wheneverr # ' (promoters don’t
share sites). We assume only ttfat (a") is a decreasing and a differentiable functiorudf The

protein utility is based on the assumption that the attraction to the promoter decreases based on the
number of proteins already bound at the promoter. The maximizing strategy for piraigien

a” = iener) ol forall r, ispi(a) o< exp(E;-(a”)/3), wherea = {a" },cr.

Sitesj € N(r) within a promoter regiom reproduce the following chemical equilibrium

sH | (FPH@) = T (1 = )] = Ky

for all proteinsi € P. Note the shared protein resource within the promoter. We can find this
chemical equilibrium by solving the following fixed point equations

. Kl(l 704]-) — ; _
ol = J f'or(a) = Gl(a,a™")

The site occupancies’ are now tied within the promoter as well as influencing the overall allocation
of proteins across different promoters througk- {a"},c%. The following theorem provides the
basis for solving the coupled fixed point equations:

Theorem 4. Let {4} be the fixed point solution] = Gi(a1,a;”) and {&3} the solution to

o = Gl(ag,a;"). If a} < dl forall I # rthenal < as.

The proof is not straightforward but we omit it for brevity (two pages). The result guarantees that if
we can solve the fixed point equations within each promoter then the overall occup@tigiesz

have the same monotonicity property as in the simpler version of the game a/hesasisted of a
single site. In other words, any algorithm that successively solves the fixed point equations within
promoters will result in a monotone and therefore convergent filling of the promoters, beginning
with all empty promoters.

We will redefine the notation slightly to illustrate the algorithm for finding the solutién=
Gi(a,a~T) for j € N(r) wherea™" is fixed. Specifically, let

Lo Ki;j(1—ad)
Gl(e?,a™,a’,a7") = E *
G+ Ky(1—ad) + 30, Kik(1 — o)

fipi(ajv d_ja a—r)

In other words, the first argument refersstbanywhere on the right hand side, the second argument
refers toa—7 in the denominator of the first expression in the sum, and the third argument refers to
a~7in pi(-). The algorithm is now defined as follows: initialize by settir/g0) = 0 anda’ (0) = 1
forall j € N(r), then

Iteration t, upper boundsFind &/ = Gi(a7,a=7(t),a 7 (t),a™") separately for each
j € N(t). Updatea’ (t + 1) = &7, j € N(r)



Iteration t, lower boundsFind &’ = G4(a7,a™9(t),a~?(t +1),a™") separately for each
j € N(r). Updateo (t +1) = &7, j € N(r)

The iterative optimization proceeds uhtii’ (t) — o/(t) < e for all j € N(r). The algorithm
successively narrows down the gap between upper and lower bounds. Specifib@lly; 1) <

a’(t) anda?(t + 1) > a’(t). The fact that these indeed remain upper and lower bounds follows
directly from the fact thaG/ (-, a7, a’,a~"), viewed as a function of the first argument, increases
uniformly as we increase the components of the second argument. Similarly, it uniformly decreases
as a function of the third argument.

5 Discussion

We have presented a game theoretic approach to predicting protein arrangements along the DNA.
The model is complete with convergent algorithms for finding equilibria on a genome-wide scale.
The results from the small scale application are encouraging. Our model successfully reproduces
known behavior of the\—switch on the basis of molecular level competition and resource con-
straints, without the need to assume protein-protein interactions betweeinwrs and ¢l and
RNA-polymerase. Even in the context of this well-known sub-system, however, few quantitative
experimental results are available about binding (see the comparison). Proper validation and use of
our model therefore relies on estimating the game parameters from available protein-DNA binding
data. This will be addressed in subsequent work.

This work was supported in part by NIH grant GM68762 and by NSF ITR grant 0428715. Luis
Pérez-Breva is a “Fundaéin Rafael del Pino” Fellow.
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